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Quantum mechanics allows some mind-bending effects. A recent paper shows us how to make an
image of the silhouette of a cat using a set of photons that had never interacted with the cat object. The
photons that had actually interacted with the cutout, and carried information about it, had even been
discarded. The methods used require an explanation that is based on quantum interference; the trick
is in transferring quantum information from one set of photons to another. This essay is an expanded
mathematical version of the blog on the Oxford University Press Blog site where we gave a briefer non-
mathematical discussion.

Let’s review superposition briefly: if a particle can take two possible paths ↵ and � then the quantum
wave function,  , is a sum of the two states, say, �↵ and �� , each representing one of these paths. We
have

 =
1p
2
(�↵ + ��) (1)

If we use a detector to measure which path the photon is traversing, we would find either it is the ↵ path
or the � path. A measurement collapses the superposition to just one element. However, a superposition
is not just an expression of uncertainty of the path taken. The single particle must have taken both paths,
because the two parts can interfere with one another. Suppose the two paths later meet in some region;
the probability of the particle being there is, in the simplest case with noncomplex wave functions,
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(2)

The last bit, �↵�� , is the interference term and can be positive or negative so that one can see interference
“fringes”, that is, more or less probable regions depending on position.

Fig. 1 shows the photon paths. The basic elements are two nonlinear crystals NL1 and NL2; when
a laser pulse enters one of these it can produce a pair of photons, one called the “signal” photon and
the other the “idler” photon. BS1 is a “beam splitter” that has an equal probability of allowing the laser
pulse through into a or reflecting it into b. So the situation is this in the circuit shown: a laser pulse
enters a superposition of the two green paths, a and b, producing a pair either in NL1 or in NL2, but not
two pairs simultaneously. Suppose mirror D2 were not present. Then we would have either set {c,d} or
set {e,f} and the state of the system would be an entanglement (a superposition of pairs) of these two
possibilities with wave function

 12 =
1p
2
( c�d +  e�f ) (3)
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where  c and  e are the signal photon wave functions and �d and �f are those of the idlers. If we
looked to identify a pair, we get one or the other of the terms of the superposition, but nevertheless both
terms do exist in the wave function. This wave function tells us that each set has a probability of 1/2 of
occurring (the square of 1/

p
2).

Figure 1: The photon circuit for quantum imaging. Reprinted by permission from Macmillian Publishers
Ltd: Nature 512, 409 (2014), copyright 2014.

The key trick of the process is to turn this entanglement of Eq.(3) into a simpler superposition. To do
this we divert idler in d with mirrors D1 and D2 so that it passes through NL2. At the dotted vertical line
we now have two possibilities, either we have signal  c, but with idler now in state �f , or we have laser
pulse b having triggered NL2 so that the signal/idler pair is  e�f . The state, ignoring for the moment
any activity at position O, is then the simpler superposition

 12 =
1p
2
( c +  e)�f (4)

We have effectively turned �d into �f to give us a superposition of signal photons  c and  e, which, as
indicated in Eq.(2) can show inteference.

However, before that happens we allow the photon in d to interact with the object O, which is
a silhouette of a cat. The photon can acquire a phase � and be transmitted with probability T 2 or
deflected or lost with probability (1� T 2). Thus the NL1 pair would, after O, and prior to D2, be

 1 = Tei� c�d +
p

(1� T 2) c�w (5)

where �w represents the lost idler amplitude because of reflection or absorbtion at the cat object O. But
once the idler �d passes through NL2, it is in state �f , that is, Tei� c�d ! Tei� c�f , The total wave
function for the photons of both crystals at the vertical dotted line has become

 12 =
1p
2
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We now have a superposition of three different pair states. Look carefully at the first term: the amplitude
change of the idler Tei� , due to the cat scattering, is now associated with the signal state  c in the first
term and not with the idler �f . This was done by making idler d pass through NL2. This is the key
process; it means one can detect the phase � and transmission probabilities by looking at the interference
of the signal photon states  c and  e because the transmission T and scattering

p

(1� T 2) are now
associated with  c and not with an idler; we can even throw away the idler photon �f as is done at
mirror D3. The interference between states  c and  e will depend on T .

We examine the interference of  c and  e by letting them pass through the beam splitter BS2 at g
and h. The calculation of the probability of detecting a photon in arms g and h is a bit tricky. We do
the detection independent of whatever the idler state is, that is, whether it is �f or �w; those states are
not detected and are ignored. We show details below. The probabilities of finding the signal photons in
the detectors at g and h are given by

Ph/g =
1

2
(1± T sin �) (7)

The interference “fringes” are such that in the detector at h we get an interference contribution of +T sin �
and the opposite sign of this term at the g detector. The detectors can now measure T ; so one can see how
the path of multiple idler photons could be varied so it could detect different points in the cat’s silhouette
and get positions of the outline of it, transferring this informaton to the detected signal photons in each
case. The image shown in Fig. 2 is formed by detecting the signal photons, which never actually “saw”
the cat.

Figure 2: The quantum cat image. Reprinted by permission from Macmillian Publishers Ltd: Nature
512, 409 (2014), copyright 2014.

There have been other proposals to do so-called interaction-free measurements, for example, by Elitzer
and Vladman and by Kwiat et al among others. In these one can get information about a system, for
example, its position, without actually touching it directly. Quantum mechanics allows one to do these
strange things.

Does this odd technique have any application? Perhaps. Suppose I want to investigate a very sensitive
system, perhaps a biological molecule. My detectors work with photons of a frequency that would damage
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the molecule, so I use photons of a much lower energy and transfer the information to photons that work
in the detectors. I make an image with photons that I cannot detect and detect photons with which I
cannot make the image.

Calculation of the probability of detection at g and h.

The state of a photon in path g is a superposition of the photon state of path c plus that from path
e. The photon in state e gets a phase shift from the beam splitter. The result is that the state, for a
particular kind of beam splitter, is

 g =
1p
2
( c + i e) (8)

Similarly
 h =

1p
2
(i c +  e) (9)

We solve these for  c and  e to get

 c =
1p
2
( g � i h)

 e =
1p
2
(�i g +  h) (10)

Eq. (6) is

 12 =
1p
2
[(A c +  e)�f +B c�w]

=
1

2
{[A ( g � i h) + (�i g +  h)]�f +B ( g � i h)�w}

=
1

2
{[(A� i) g + (�iA+ 1) h]�f + (B g � i h)�w} (11)

with A = Tei� and B =
p
1� T 2. The probability density of the system is the absolute square of this.

When we square this, the product of  g and  h is zero, since the two have no overlap. The product of
�f and �w also vanishes.
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The probability of finding the photon in the detector at h and the idler in state f , for example, is
Pgf = |A� i|2. Similarly the probability of finding it at h but with the idler in w is Pgw = |B|2. But we
don’t measure the idler states, so the probability of finding the photon in g is the sum of the two:

Pg = |A� i|2 + |B|2 =
1

2
(1� T sin �)

and similarly
Ph = |�iA+ 1|2 + |B|2 =

1

2
(1 + T sin �)
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